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Are We Solving the Equations Right? (Verification)

Å Accuracy

Å Stability

Å Efficiency: Model Order Reduction (Lecture 2)

Simulation Models
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Methods

Are We Solving the Right Equations? (Validation)

Å Physical models

Å Materials models

Å Data-Driven (Machine Learning) (Lecture 3)

Lab 1: Convolutional Neural Network (CNN) for crack detection 



Genericparameterizedmechanicalproblem

Model Order Reduction (MOR)for ParameterizedSystems
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Physicalmodel
Data-driven
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BC:



Proper Orthogonal Decomposition (POD)
5

Karhunen1946; Loeve1955; Sirovich1987; Jolliffe 2002

Minimization of reconstruction error:

Á Relatedto Principalcomponentanalysis(PCA)& SVD:

V a priori ErrorEstimate:
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Fracture in Engineering Problems
6

Hepatic surgery 
(H. Courtecuisse, J. Allard, P. Kerfridenet al. 2014) 

Simulating damage initiation and subsequent global structural failure is one of the 

most active topics

Concrete Cracks

However, a primary challenge of applying MOR for fracture is how to represent the 

local nature of discontinuities and singularities in the low-dimensional subspaces

Å Hybrid methods full-order/Reduced-order based on domain decomposition (Gallandet al. 2011; 

Kerfridenet al. 2012, 2013)

Å Local-global method (Niroomandiet al. 2012)

Existingmethods

goal: physics-preservingROM



ProposedMORfor FractureMechanics
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Solutiondecomposition
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Chen, J. S., Marodon, C. and Hu, H. Y., ñModel Order Reduction for Meshfree Solution of Poisson Singularity Problems,ò IJNME, Vol. 

102, pp. 1211ï1237, 2015.

Integrated Singular Boundary Function Method (ISBFM)
[Olson et al., 1991;Georgiou et al., 1996]
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ISBFMGalerkinformulation ü Low-order quadrature

ü Sparsesystem



Á Linear elastic fracture mechanics (LEFM)

Liu, Jun, Zhang, Int. J. Numer. Meth. Engng. 1995 

Chen, Pan, Wu, Liu, Comput. Methods Appl. Mech. Engrg. 1996

Belytschko, Krongauz, Organ et al, Comput. Methods Appl. Mech. Engrg. 1996
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V Naturally capture jump across crack

Fine-Scale Fracture Model
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Near-tip Enrichment Basis Function
9

The enrichment basis functions derived from Williamôssolution (William 1952) are 

composed of symmetric and anti-symmetric components to the crack surface
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He, Q., Chen, J. S, Marodon, C., ñA Decomposed Subspace Reduction for Fracture Mechanics based on the Meshfree Integrated 

Singular Basis Function Methodò, Computational Mechanics, Vol. 63, pp. 593ï614, 2019.



Standard Galerkinformulations 

Galerkin weak form
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ISBFM-Galerkinformulations 

Integrated Singular Boundary Function Method (ISBFM) 
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quadrature while capturing the 

singularity

ü Sparsecouplingsub-matrix
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Crack-beam (Motzôs) Problem‌ πȢυ

Á Singularities are well captured

Á Optimal convergence is restored
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ISBFM-Galerkinmethod improves more than 2 orders of accuracy while using much 

less quadrature points in fine-scale modeling. 

Computational burden reduction

  ĔN :  number of non-smooth enrichment basis

Comparison of Standard and ISBFM Galerkin Methods
14


